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According to Ertel’s identity and Ertel’s vorticity theorem some aspects on general relativistic vor-

tex dynamics and relationships are discussed in detail.
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The general theory of relativity gives on absolutely co-
variant formulation of Helmholtz’ laws of vorticity which
is valid in arbitrary reference-systems. For small relative
velocities u; (with i; u'< ¢?) these generally covariant laws
deliver Helmholtz’s first law for a vorticity w; in a rigidly ro-

tating reference-system di (- 2)=(w'- Qh uy; with
t

the angular velocity Q' of the rotation.

Sommerfeld [1] remarks in his “Mechanik der defor-
mierbaren Medien”: “Vom Standpunkt des Erdbeobach-
ters mufl man die Corioliskraft beriicksichtigen, oder man
muB von dem scheinbaren Wirbel zum absoluten, durch
die Corioliskraft modifizierten Wirbel iibergehen”. In
their great article “The Classical Field Theories”, Trues-
dell and Toupin [2] study continuum mechanics in a Gal-
ilean space-time. The non-inertial systems of [2] become
a very sophisticated problem.

General relativity is based on the Lorentz-Einsteinian
space-time world with Einstein’s reference-“mollusces”.
Then, the questions of non-inertial reference-systems
have straightforward solutions by the “absolutely” co-
variant formulation of continuum dynamics. In its three-
dimensional form the classical Helmholtzian laws are
valid for small relative velocities (small in comparison
to the velocity of light ¢) and in inertial systems. In ro-
tating reference systems Helmholtz’s first law will be
modified by Coriolis-accelerations.

General Relativistic Euler Equations
The general theory of relativity is not only the theory

of gravitation but also the theory of reference-systems in
four-dimensional Riemannian space-time. The general

principle of relativity means the general covariance of
the physical equations in respect to all coordinate-trans-
formations X V=X" (X*) (with v, A=1, 2, 3, 4) in the four-
dimensional world with Lorentzian signature. The trans-
formations of the general form

Xv=X" (X', X% (withi=1,2,3 and X*=cr)
and reciprocally
XV=X" (X', X% (with X*=cr)

involve the transformations of the reference-systems. In

s X' ox* X' ox*
Ve————(gat2————¢;
GRY=1%m axv 9%" = 3xw oxv 914
ox* ox*
T x# oxv I+

the second and the third term and 7 -dependence of the
X'=X'(X* ) mean a change of reference-systems.

According to Einstein’s principle of equivalence, a
space-time with a Riemannian curvature-tensor Rg, g;#0
is a world with gravitational fields. The flat space-time
R;p2=0 is a world without gravitation. In this latter
case, the Minkowski metrics g,,, =1, describe inertial
systems with four-dimensional cartesian coordinates. A
metric

- aX* a9x"
9ix =0y 91‘4:578)—(4 Huy »
_dX* JaxV
P =3 oxe

describes with three-dimensional cartesian coordinates
non-inertial reference system m™ a flat space-time and im-
plies accelerations of the Coriolis- and the centrifugal-
types: We write our equations with help of the mathemat-

0932-0784 /99 / 0800-0482 $ 06.00 © Verlag der Zeitschrift fiir Naturforschung, Tiibingen - www.znaturforsch.com

Dieses Werk wurde im Jahr 2013 vom Verlag Zeitschrift fir Naturforschung
@ @ @ in Zusammenarbeit mit der Max-Planck-Gesellschaft zur Férderung der
BY ND Wissenschaften e.V. digitalisiert und unter folgender Lizenz veréffentlicht:
Creative Commons Namensnennung-Keine Bearbeitung 3.0 Deutschland
Lizenz.

This work has been digitalized and published in 2013 by Verlag Zeitschrift
fur Naturforschung in cooperation with the Max Planck Society for the
Advancement of Science under a Creative Commons Attribution-NoDerivs
3.0 Germany License.

Zum 01.01.2015 ist eine Anpassung der Lizenzbedingungen (Entfall der
Creative Commons Lizenzbedingung ,Keine Bearbeitung*“) beabsichtigt,
um eine Nachnutzung auch im Rahmen zukiinftiger wissenschaftlicher
Nutzungsformen zu ermdéglichen.

On 01.01.2015 it is planned to change the License Conditions (the removal
of the Creative Commons License condition “no derivative works”). This is
to allow reuse in the area of future scientific usage.



W. Schroder and H.-J. Treder -
ical symbolism given in Einstein’s book [3], but we choose

14
the signature {+1,+1,+1,-1}.Then, uvzd;—(With[he
T

proper-time differential dr=%1} — gy dx* dx¥ ) is the

four-vector of velocity with the norm u"=u,=—c?.

The total derivation :—TA means

v
8 A f, u¥ =4, B
dr dr

(withA,v=8V A= A).
ox

The Covariant derivation of a vector is
V. _ AV v u
A,A—A,1+FMA 5

and of a co-vector
. u
A=A -T,; Ay

with the Christoffel-affinities

1
rvljl =E gua (—gvl,a t92a,y +gav,1)-

The Riemannian tensor is

a a a a T a T
Ruv)l__rpv,/l+ rvl,v_rr/l F#V +1gy ryl .
The relativistic energy-momentum-tensor (matter-ten-
sor) of a perfect fluid is [3]

p
Ty =puuy T2 el tPGuy =0U Uy +PGpy

(p=matter-density, p=pressure), and the general-rela-
tivistic Euler equations result from the dynamical equa-
tions for

Ty w=(Ou");y uy+0uyy u'+p,, =0, (1)

or with u* uu=—c2

cz(O'uV);v=dd—Tp, (1a)
Uy dp
OCuy.,+—5 —
BY e dr

Uy dp
b B0 oy =0,
2 gy LB

c

D
+p,#=O'Euu

(1b)

For u; u'< ¢?, that s for small relativistic velocities (in com-
parison to the velocity of light c¢), we have the three-dimen-
sional Euler equation in a non-inertial system: (1a) gives

L 4 (puiy=0 (23)
dr
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and (1b) gives with u®=c
%u,-:——;— Ga4,i s
+(94i,1—941,1)6u1——;17,i- (2b)
In (2b) the form
(9ai=9ar,i) v’ (€EY
means the Coriolis-acceleration and
~Lguic? @3b)

2
is the sum of Newtonian and centrifugal accelerations.

We remark that (3a) has the form of a three-dimension-
al Lorentz-force [4].

Ertel’s Identity

The vorticity of four-velocities u, are defined by [5]

=wuv+CL2(Pu wy - P, uy) (4)

with the curl of the vector u,,

WOuy =Upy,y —Uy;y =Uyy —Uy gy (42)
and the acceleration four-vector
Du D2 v
p,=—"t= Y L. 4b
B pr "® Dr? (4b)
The total time-derivations of @), are
A

D A
Ea)ap =waﬂ;l u/'l=ua; U —uﬁ;al u
=(ua;m-—up;m)u}'
—(Ryapr— Rypaa) u* u* . &)

The second term on the right side in (5) vanishes because
of the symmetries of the Riemannian tensor R, ;. Fur-
ther we have the identities

ua;w u)'= ua;r ul;ﬂ +Pa;ﬂ
and

x. A 2
Ug.p U B =Ug:2 Cl)ﬂ +ua;,1 uﬂ;
A A
=uip Wy tU BUA >

and therefore Ertel’s identity [6—8] in relativistic form
[9] (see also [11-15]) reads

A s A — | A
() pM uﬂ,,l *CDB Uy 2 =Wy M)_;ﬂ—a)p Up.q -
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For the curl g the relativistic forms of Helmholtz’s and
Boltzmann’s first law are valid:

A A
Ewap =Wy ukﬂ -wﬁ Up. o +Pa'l3 _Pﬁ,a

Zwé' “ﬂ:l‘wg Ug: 2 +P(Z.ﬂ_Pﬂ.a .

The time-variation of the vorticity ¥,z becomes [9]
D
Eyaﬂ =a)é MA:B —wg Uy o +Pa,ﬂ "Pﬂ,a

1 D D
+— | —=— P, ug——Pguy |.
T’ (Dr *"F"pr P a)
These equations are the general relativistic form of

Helmholtz’ first vorticity-law. Helmholtz’s second law
means

Wop, A+ Opp, ot Wi, p=0,
see [9].

Coriolis Forces

The three-dimensional vorticities are given by the ax-
ial vector

wi =—;—Eik1 @y (witha)k,=uk‘,—ul‘k). (6)

Helmholtz’ first law in three-dimensional formulation for
small relative velocities u; (in comparison with the
velocity of light ¢, that is &' u;<c?) but in non-inertial
reference-systems reads
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In rigidly rotating reference-systems with a constant angu-
lar velocity

Q=" Qy  (withQy=-24)
we have
1 :
Gai =;-Qik b L @)

With (7) and (6) the equations

%wikz(wil—zQil)ul.k_(wli_zgllc)ul,i
or
d . _ .1 Al
®; =(0'-Q)u ®)
dt
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%(wi— Q)=(0'-QYu, . )
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