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According to Erters identity and Ertel's vorticity theorem some aspects on general relativistic vor-
tex dynamics and relationships are discussed in detail. 
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The general theory of relativity gives on absolutely co-
variant formulation of Helmholtz' laws of vorticity which 
is valid in arbitrary reference-systems. For small relative 
velocities u, (with ut u!< c2) these generally covariant laws 
deliver Helmholtz's first law for a vorticity in a rigidly ro-
tating reference-system — ((oi-Qi) = (col-Ql)u[ j with 

dr 
the angular velocity Q' of the rotation. 

Sommerfeld [1] remarks in his "Mechanik der defor-
mierbaren Medien": "Vom Standpunkt des Erdbeobach-
ters muß man die Corioliskraft berücksichtigen, oder man 
muß von dem scheinbaren Wirbel zum absoluten, durch 
die Corioliskraft modifizierten Wirbel übergehen". In 
their great article "The Classical Field Theories", Trues-
dell and Toupin [2] study continuum mechanics in a Gal-
ilean space-time. The non-inertial systems of [2] become 
a very sophisticated problem. 

General relativity is based on the Lorentz-Einsteinian 
space-time world with Einstein's reference-"mollusces". 
Then, the questions of non-inertial reference-systems 
have straightforward solutions by the "absolutely" co-
variant formulation of continuum dynamics. In its three-
dimensional form the classical Helmholtzian laws are 
valid for small relative velocities (small in comparison 
to the velocity of light c) and in inertial systems. In ro-
tating reference systems Helmholtz's first law will be 
modified by Coriolis-accelerations. 

General Relativistic Euler Equations 

The general theory of relativity is not only the theory 
of gravitation but also the theory of reference-systems in 
four-dimensional Riemannian space-time. The general 

principle of relativity means the general covariance of 
the physical equations in respect to all coordinate-trans-
formations XV=XV (XA) (with v, A= 1,2,3,4) in the four-
dimensional world with Lorentzian signature. The trans-
formations of the general form 

XV=XV(X', X4) (with i= l , 2, 3 and X4=cr) 

and reciprocally 

XV=XV(X', X4) (with X4=cf) 

involve the transformations of the reference-systems. In 

- „ dX' dxk
 n dX' dx 4 „ 

A U V = : ZT— <7,1.+ 2 —zr =T— fl;4 

a x " a x v y * a x " dxv yi 

^ dx4 a x 4 
-I = =— <744 a x " a x v y 

the second and the third term and t -dependence of the 
X' = X' (X*, t) mean a change of reference-systems. 

According to Einstein's principle of equivalence, a 
space-time with a Riemannian curvature-tensor R^p^O 
is a world with gravitational fields. The flat space-time 

is a world without gravitation. In this latter 
case, the Minkowski metrics gßV- v describe inertial 
systems with four-dimensional cartesian coordinates. A 
metric 

„ ^ _ a x " a x v „ 9ik ~ oik > 9i4 - ^=4- /V ' 

- _ a x " ax v „ 
9 u ~ a x 4 a x 4 

describes with three-dimensional cartesian coordinates 
non-inertial reference system m,n a flat space-time and im-
plies accelerations of the Coriolis- and the centrifugal-
types: We write our equations with help of the mathemat-
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ical symbol i sm given in Einstein 's book [3], but w e c h o o s e and (1 b) g ives wi th u4~c 
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the signature { + 1,+1,+1,-1}. Then, uv= — (with the 
dT 

proper-time differential d r = ^ - g ß v dxß djtv j is the 

four-vector of velocity with the norm uv=uv=~c2. 

The total derivation — A means 
dr 

11 — A i y 
dr dr 

with A,v = dv A = —— A 
dx 

The Covariant derivation of a vector is 

and of a co-vector 

- ^v'A An 

with the Christoffel-affinities 

The Riemannian tensor is 
na _ roc , pa pa pr , pa pr 
% v 1 vA, v~ TA UV TV1 NA * 

The relativistic energy-momentum-tensor (matter-ten-
sor) of a perfect fluid is [3] TßV = pßuv +pg^v =außuv +pg^v 

d 1 2 
- " / = " -044 , / C at 2 

+ ( 0 4 / , / - 9 u , i ) c u l - — p,i . (2b) 
P 

In (2 b) the form 

(04/,/-04/,/) cu1 (3a) 
means the Coriolis-acceleration and 

1 ? -—044./ c ( 3 b ) 
is the sum of Newtonian and centrifugal accelerations. 
We remark that (3 a) has the form of a three-dimension-
al Lorentz-force [4]. 

Ertel's Identity 

The vorticity of four-velocities uv are defined by [5] 

f Du "v DMV 
{ Dr C2 DT C2 yMV = uß;v-uv. +| 

1 = ü V +• c (Pß uv -Pv Up) 

with the curl of the vector uv 

(0 jj^y — — ^ ^ 

and the acceleration four-vector 
DM,, D2XV 

Pn = 
D T 

- y uv D r 

(4) 

(4a) 

(4b) 

(p= matter-density, p = pressure), and the general-rela- The total time-derivations of co^v are 
tivistic Euler equations result from the dynamical equa-
tions for 

D A — CQaß=ÜJaßiUh = Ua.ßiU -Uß.^u' 

= (er uvy,v uß +au^.v uv+p,^ = 0 , (1) 

or wi th u ^ 

~ (Ma;/5A-"0;Aa ) u 

(5) 

C2 (CT Uv)]v P , 
dT 

uß dp D 
CT„(i;v+__7+p,)j=(T_U(i 

un dp .. 
c dT 

(la) 

( l b ) 

The second term on the right side in (5) vanishes because 
of the symmetries of the Riemannian tensor RXUßx• Fur-
ther we have the identities 

'A; A/3 
, A. *a;y ß +Pa;ß 

and 

For Uj u'< c2, that is for small relativistic velocities (in com-
parison to the velocity of light c), we have the three-dimen-
sional Euler equation in a non-inertial system: (la) gives 

dp 
dt 

+ (P "');,= o (2 a) 

"a; A A ^ß +Ma;A uß-
= U*\ß ft)aA +UX\ß UA;a , 

and therefore Ertel's identity [6-8] in relativistic form 
[9] (see also [11-15]) reads 

^a Uß\x-«>ß ua.x =(o* ux.ß — (Oß uX a . 
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For the curl coaß the relativistic forms of Helmholtz's and 
Boltzmann's first law are valid: 

D 
Dr 

CO„n = -Ma u?i:ß-(0ß uX-a + Pa,ß ~ Pß,a 

= (üa ußA~a,ß "er, A + Poc,ß ~ Pß.a 

The time-variation of the vorticity yaß becomes [9] 

~ Yaß =0)i llX:ß-(°ß uX:a + Pa,ß - Pß,a 

1 
Dr 

Prr Ul D 
Dr Pß ua 

These equations are the general relativistic form of 
Helmholtz' first vorticity-law. Helmholtz's second law 
means 

C0aß.l+(0ßx.a + C0Xa.ß = Q > 

see [9]. 

Coriol is Forces 

The three-dimensional vorticities are given by the ax-
ial vector 

(O' = ± - £ , k l cokl (With cokl =ukl-ulk). (6) 

Helmholtz' first law in three-dimensional formulation for 
small relative velocities a, (in comparison with the 
velocity of light c, that is u' u^c2) but in non-inertial 
reference-systems reads 

d / i — 0Jlk = (Oi ul k — cok K, • 
dt 

*[(94i,i - 94l,i)u'c],k 

-[(94k.I - 941. *)"' c],i . 
In rigidly rotating reference-systems with a constant angu-
lar velocity 

n ' = d k l n k l 

we have 

(with Q k l =-Q l k ) 

g4i=±nlk xk. 
c 

With (7) and (6) the equations 

colk= (coj- 2 üj) uL k — (cok— 2 nl
k) uL, 

dr 

(7) 

or 

=((o'-n')u[ i 
dt (8) 

result from (6). Equation (8) is the first Helmholtz-law in 
rigidly rotating systems like the earth. The meaning of (8) 
is clear. Instead of the Galilean-vorticity CO; we use the dif-
ference (Oj-Q, in rigidly rotating systems: 

j-(coi-Qi) = (co'-nl)u, , . 
dr (9) 

We remark that a "Machian dynamics" with gravitational-
ly induced Coriolis-forces gives (9) for the vorticity in a ro-
tating bucket, also. Then the mass of such a Newtonian buck-
et is very small in respect to the mass of the universe [10]. 
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